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The M & S  configuration ** gives equilibrium for a toroidal plasma without net current in the 
azimuthal direction and without rotational transform. Explicit solutions are obtained only for the 
restricted cases ß  =  0 , and ß  1 in the surface current model, but configurations with continuous 
pressure profile are proved to exist. The use of the M & S configuration to confine a toroidal theta 
pinch plasma leads to problems in the establishment of the equilibrium and in particular in its 
stability.

The stability of the M & S  configuration is investigated for the simplified case of the corrugated 
linear theta pinch, LIMPUS. This configuration is theoretically unstable with respect to m 1 
flutes. Mechanisms to suppress these modes are based on finite gyroradii stabilisation for m 2. 
and on the conducting wall for m =  \ ,  the latter case being limited to very high ß .  No m 2 
instabilities are observed experimentally, although m =  l instabilities with growth times 
agreeing with MHD theory are detected. An exrapolation of these results to an M & S configuration 
gives tm & s /td ~  (£o/rp)1/2’ where rp is the average minor radius, f 0 an initial deviation from the 
M & S equilibrium position, and r  M&S and t d  are the M & S confinement time and the toroidal 
drift time, respectively. M & S experiments with theta pinch plasmas near 10 eV, tm & S  is extended 
by a factor 3 — 4 beyond td  , which is in agreement with the above relation. This suggest firstly, 
that the M & S configurations investigated are an adequate approximation to the required equi­
librium, and, secondly, that the MHD instabilities substantially limit the confinement time.

Simple models show that oscillating axial currents, a steady axial motion of the LIMPUS mag­
netic field configuration or a standing wave like oscillation can suppress the instabilities mentioned. 
Experiments on such dynamic stabilisation are in progress.

1. Introduction

The theta pinch has been useful in heating and 
confining a plasma 1- 2. It may eventually be used 
in attempts to approach Lawson’s criterion3’ 4 for 
thermonuclear energy production. In the theta 
pinches of interest here, a narrow cylindrical plas­
ma column is compressed radially in a few //sec by 
means of a rapidly rising magnetic field parallel to 
the axis of the cylinder. The maximum magnetic 
field strength of above 105 G auss5,6 is reached in 
about 10-5 sec. The shock heating and subsequent 
adiabatic compression of the plasma by this method 
increases the mean energy k T x of the deuterons to
5 —lO keV . This was determined from the yield of

* This work was performed as part of the research program 
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** From F. M e y e r  and H. U. S c h m id t  and also from mud 
and snow tyre treads.
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neutrons ' due to fusion reactions, and from their 
energy spectrum H. The mean thermal energy of the 
electrons, k  Te , which can be determined for in­
stance from the Doppler broadening of scattered 
laser light 9, or from soft X-ray emission, by com­
parison reaches values of only about 500 eV 8. The 
particle density on the axis of the cylindrical plasma 
column, measured by interferometric methods 10 and 
from the emitted continuum radiation, reached about 
2 x  10 16 cm“ 3.

Following the rapid compression of the plasma, 
after the radial oscillations have damped out, a 
stationary equilibrium is established between the 
plasma and the confining magnetic field. In the 
straight magentic field of an infinitely long coil,
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1965. Vienna 1966.
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[1965].
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the radial drop of the plasma kinetic pressure p  is 
compensated by an increase in the “magnetic pres­
sure” B2/2 /-Iq 11. The local ratio of p  to p +  B2/ 2  //0 
is defined as ß.  ß  =  1 thus refers to the extreme case 
of a plasma free from interior magnetic fields. In 
the theta pinches just described the maximum value 
of ß  occurs on the axis of the plasma cylinder fol­
lowing the fast compression. Its magnitude is not 
known exactly, e. g. due to an uncertainty in the 
ion temperature, it varies within the range of about
0.3 < / ? < 0 . 9  5’ 6.

The confinement time is limited by the escape of 
plasma from the ends of the theta pinch coil. The 
escape velocity is about the ion thermal velocity par­
allel to the magentic field. The size of the effective 
escape hole was calculated using various models 
( I .e .12-16) ,  and is mainly dependent on ß,  on the 
particle mean free path, and on the relative magne­
tic field strength at the coil ends. In hot theta pinch 
plasmas where the ion mean free path is long com­
pared to the plasma dimensions, the size of the effec­
tive escape hole has been found experimentally to 
be of the order of an ion gyro radius17,5. If at­
tempts to reduce end losses should fail, a sufficient­
ly close approach to the Lawson criterion using 
linear coils will only be possible with a length of 
several hundred meters at least.

In addition to the above problem, an important 
loss of energy occurs at the coil ends from heat 
conduction by (rapidly moving) electrons, since 
the plasma layer which extends along the field lines 
to the vessel walls provides effective thermal con­
tact 18,19. Furthermore, the ends of the theta pinch 
may give rise to a rotation of the entire plasma 
column 20-22, and also to enhanced diffusion23 of 
the plasma perpendicular to the magnetic field lines.

11 L. S p i t z e r  J r . ,  Physics of Fully Ionized Gases, Intersci. 
Publ., New York 1956.
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13 N. J. P h i l l i p s  and I. K . W r i g h t ,  J . Nucl. Energy, C, 1, 

240 [I960].
14 K. V. R o b e r t s ,  J . N u c l .  E n e r g y , KC, 1, 2 4 3  [ 1 9 6 0 ] .
15 J. A. W e s s o n ,  PPCNFR CN-21/43, Culham [1965].
16 W . G r o s s m a n n  J r . ,  Phys. Fluids 9, 2478 [1966].
17 W . E. Q u in n ,  E. M. L i t t l e ,  F. L. R ib e , and G. A. S a w y e r ,  
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20 H. A .B .B o d i n  and A .A .N e w t o n ,  Phys. Fluids 6,1338 [1963].
21 H. A. B . B o d i n ,  J. M c C a r t a n ,  A. A. N e w t o n ,  and G. H. 

W o l f ,  PPCNFR C N -2 4 /K -1  N o v o s ib ir s k  [ 1 9 6 8 ] .

These end-effects of the open geometry can be 
avoided in a closed toroidal magnetic field configu­
ration. A linear theta pinch coil can be transposed 
most simply to a toroidal geometry by retaining 
symmetry with respect to the centre plane (z  =  0) 
of the torus. This symmetry then also refers to the 
magnetic field configuration produced by the coil, 
and to the current distribution in the plasma. In a 
toroidal theta pinch where the coils form an axially 
symmetrical torus ( i .e .  a body of revolution), the 
field lines of the confining magnetic field are circles 
of radius R .  In this case the magnetic field strengths 
along field lines close to the axis of symmetry 
( R  =  0 ) , and hence also the magnetic pressure 
B2/ 2 ju0 , exceed their values along field lines fur­
ther away from the axis of symmetry. Thus in con­
trast to the linear theta pinch the plasma is no lon­
ger in equilibrium with the confining magnetic 
field 24, but is accelerated radially outward at every 
point in the direction of the (major) torus radius R .  

This acceleration, bT, is proportional to the curva­
ture of the torus, 1/i?, as well as to the sum of kT\ 
and k Te , and is independent of ß  25_27.

In order to permit an equilibrium plasma posi­
tion in such a toroidal theta pinch, the field lines 
situated closer to the symmetry axis (/? =  0) of the 
torus must be extended so as to reduce the field 
strength along these lines until it is equal to the 
field strength along the more remote field lin e s28. 
This condition can be explained using a ß  =  1 m o­
del of the toroidal plasma, where the diamagnetic 
currents are assumed to flow along the surface of 
the plasma column 29, 30. The equlibrium condition 
then leads to the requirement that the magnetic 
pressure B2/ 2 ju0 of the magnetic field tangent to the 
surface, should be equal to the plasma pressure p,

21a P P C N F R  C N -24/K -1 . . .  b ed eu tet: P lasm a  P h y sics  and  
C ontrolled N u clear  F u sio n  R esearch , C onference P ro ceed ­
in g s  N ovosib irsk  1 9 68 , V ien n a  1969 .

22 M. G. H a in e s , A dv. P h ys. 14 , 54 , 164  [1 9 6 5 ] .
23 R. L. M o r se , P h ys. F lu id s  1 0 ,1 5 6 0  [1 9 6 7 ] .
24 L. B ie rm a n n  u .  A . S c h l ü t e r ,  Z. N aturforsch . 12  a, 805

[1 9 5 7 ] .
25 W. L o t z ,  F . R a u , E. R em y, and G. H . W o lf ,  M ax-Planck- 

In stitu t für P h y sik  und A strop h ysik , M ünchen, R eport 
M P I-P A -1 0 /6 4  [1 9 6 4 ] .

26 P . C. T. v a n  der  L a a n , J. N u cl. E nergy, C, 6 , 5 59  [1 9 6 4 ] .
27 A . S c h l ü t e r , In stitu t für P lasm ap h ysik , R eport, IP P  6 /3 8

[1 9 6 5 ] .
28 F . M e y e r  and H. U. S c h m id t , Z. N aturforsch . 13  a, 1005

[1 9 5 8 ] .
29 R . K ip p e n h a h n , Z. N aturforsch . 13  a, 26 0  [1 9 5 8 ] .
30 M. D . K rusk al  and M. S c h w a r z sc h il d , Proc. R oy. Soc. 

L ondon A  2 2 3 , 3 48  [1 9 5 4 ] ,
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which is constant over the whole surface. Since § B dl  
is constant along all field lines between the plasma 
column and the field coil, the field lines on the 
plasma surface must all be of equal length for the 
equilibrium condition to be fulfilled. Such toroidal 
plasma surfaces, usually referred to as M & S con­
figurations, are therefore characterised by bulges 
which, because of the required constant length of 
the field lines, show the strongest amplitude of cor­
rugation at those positions closest to the symmetry 
axis R  =  0.

From the practical point of view, however, it is 
not only important that any confinement scheme 
should fulfill the equilibrium condition for the 
plasma, at a given position, but also how sensitive 
it proves with respect to small displacements from  
this position, or small variations of the external 
boundary conditions, e. g. with the field coils. This 
is the question of the macroscopic stability 30-33 of 
a plasma in the configuration under discussion. If 
the magnetic field strength decreases with distance 
in an outward direction from certain areas of the 
plasma surface (associated with a concave curva­
ture of the magnetic field lin es), the equilibrium  
tends to become unstable 32. Conversely, however, a 
field strength which increases with distance from the 
plasma surface (therefore associated with a convex 
curvature of the field lin es), has a stabilizing ef­
fect.

In the case of a theta pinch of infinite length, the 
magnetic field lines have no curvature, and the 
plasma is in a state of marginal equilibrium. Con­
versely, toroidal M & S configurations characterised 
by periodic corrugations or bulges, include regions 
of both concave and convex curvature. Theoreti­
cally the modes and growth times of the instabili­
ties 34-42 resulting from this geometry depend on 
the various plasma parameters and on the particular 
models used to describe them. Experimentally in a 
collision dominated plasma a displacement or kink­

31 K . H a in ,  R . L ü s t ,  and A. S c h l ü t e r ,  Z. Naturforsch. 12 a, 
833 [1957].

32 M. N. R o s e n b l u t h  and C. L o n g m ir e ,  Ann. Physics 1, 120 
[1957].

33 J. B . B e r n s t e i n ,  E. A. F r ie m a n ,  M. D. K r u s k a l ,  and R. 
M. K u l s r u d ,  Proc. Roy. Soc. Lond. A 244, 17 [1958].

34 H . W o b ig ,  Institut für Plasmaphysik, Report IPP 6/53
[1966].

35 M. N. R o s e n b l u t h ,  N. A. K r a l l ,  and N. R o s t o k e r ,  Nucl. 
Fus. Suppl. Part I, 143 [1962].

36 D. P f i r s c h  and H . W o b ig ,  PPCNFR. CN-21/55, Culham
[1965].

ing of the total plasma column was found 21 to limit 
the plasma confinement in agreement with the MHD- 
model. This m — 1 instability is believed to be the 
most dangerous one also for collisionless bulged 
theta pinch plasmas in the characteristic range of 
beta. Due to this instability the confinement time 
in a static M & S system is not expected to over­
come the toroidal drift time (in a purely azimuthal 
field) by more than an order of magnitude, as was 
found in previous M & S experiments in a low tem­
perature regime. Efforts are made to suppress this 
instability by dynamical methods.

This report discusses some problems associated 
with the M & S configuration. The results of both 
theoretical and experimental investigations into the 
equilibrium and stability of the M & S configuration 
are reviewed.

2. Equilibrium

Let us assume that the magnetohydrodynamic 
model constitutes a suitable description of the ma­
croscopic state of a hot theta pinch plasma follow­
ing its rapid compression. Equilibrium between a 
fully ionized quiescent plasma having an isotropic 
pressure p, and the (confining) magnetic field B 
is given, according to SCHLÜTER 43, by

Vp = /  x B  (1)

(neglecting the effect of gravity). Scalar multipli­
cation of Eq. (1) by j  or B gives

r V p  =  B - V p  =  o ,  (2 )

i. e., the plasma pressure is constant both along the 
current lines j  and along the magnetic field lines B.

In toroidal equilibrium configurations, the mag­
netic field lines lie on nested toroidal surfaces of 
constant pressure in accordance with Eq. (2 ) . When 
these isobar surfaces are ergodically covered by the 
field lines, one refers to “magnetic surfaces” , the 
innermost of which for ß  <  1 degenerates into a line

37 P. M e r k e l  and A. S c h l ü t e r ,  Institut für Plasmaphysik, 
Report IPP 6/48 [1966].

38 H. W o b ig , Proc. Eurat. Symp. Theor. Plasma Phys., Va- 
renna, I, 135 [1966].

39 F. H a a s  and A. W e s s o n ,  Phys. Fluids 9, 2472 [1966].
40 R. L. M o r s e ,  Phys. Fluids 10̂  236 [1967].
41 H. W o b ig , Institut für Plasmaphysik, Report IPP 6/57 

[1967].
42 F. H a a s  and A. W e s s o n ,  Phys. Fluids 10, 2245 [1967].
43 A. S c h l ü t e r ,  Z. Naturforsch. 5 a, 72 [1950].
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which is then the magnetic axis. On the magnetic 
axis the plasma pressure has an extremum, as a rule 
a maximum. During one circuit of the field lines 
about the long (azimuthal) path of the toroidal iso­
bar surface, they also cover, in general, a certain 
distance in the direction of the short (meridional) 
path. This characteristic is called a rotational trans­
form.

To obtain a measure of the rotational transform t 
on an isobar surface, we follow a magnetic field 
line on this surface for a given distance and find 
the limiting value of the ratio of the number of 
circuits in the meridional direction 0  to the number 
of circuits in the azimuthal direction 0 ,

(3)t =
2 71

=  lim
$-*-oo $

An irrational value of t thus corresponds to an 
eregodically covered magnetic surface, whereas with 
a rational t all field lines on an isobar surface close 
on themselves after one or more azimuthal circuits.

In what follows we will only consider isobar sur­
faces with rational t, in particular with t =  0, but we 
allow these surfaces to have a periodicity along the 
magnetic field lines. With these restrictions N e w ­
c o m b  44 and H a m a d a  45 have shown that all mag­
netic field lines within the same isobar surface must 
have the same value of the integral

q - S  d l /B (4)

which is taken either over one of the above-men­
tioned periods, or along a (multiple) circuit of the 
field line back to its initial point.

Practical calculations of toroidal equilibrium  
surfaces having t =  0, i .e .  M & S configurations, 
have been carried out thus far only for special sim­
plified cases. Both the limiting case of ß  =  0  ( i .e .  
the effect of plasma currents on the net confining 
magnetic field is neglected) and the case of arbi­
trary ß,  but with only plasma surface currents al­
lowed have been treated. The existence of M & S 
configurations for arbitrary values of ß  and con­
tinuous radial pressure profiles has been proved 
recently by L o r t Z 46.

A number of configurations having ß  =  0 were re­
presented numerically by L o r t z  and W e l t e r  46a by 
the superposition of certain multipole field configu­

rations upon a purely azimuthal magnetic field. An 
example of such a configuration is given in Fig. 1. 
Usind cylindrical coordinates (R,  <p, z ) , a cross 
section is shown in the plane z  =  0 and another 
cross section in the (p =  0,  <p — 2 tz/ ti plane; here n 
is the number of symmetry planes along cp, and n/2 
thus gives the total number of periods of the con­
figuration. In the example shown n/2 =  24.

A further parameter is the ratio of the azimuthal 
magnetic field to the total multipole field. The char­
acteristic parameters given in Fig. 1 are Q =  q / q0 , 
# rei =  B / B 0 , and L =  l / l0 (/ =  f  dl  along a field lin e). 
The values of q0 , Z0 , B 0 refer to the field line hav­
ing the minimum value of q for the given configu­
ration.

In the case of the toroidal theta pinch, we are 
interested here in particular in those configurations 
without rotational transform which have a high ß  
region in the vicinity of the field line where the 
plasma pressure is maximum. In that case a more 
suitable approximation is to replace the pressure 
gradient at the plasma boundary with a pressure 
discontinuity Ap,  and the diamagnetic currents 
with a surface current density j * .  K ru sk a l  and 
SCHWARTZSCHILD30 have given the relevant equi- 
sibrium condition [Eq. ( 1 ) ]  in the modified form

where

/Bi*  +  B a*\
1* — 9------ =  -  n P

j * =  (Ba* - B i * ) .
Mo

(5)

(6 )

n  is a unity vector in the outward normal direction 
from the surface of discontinuity and B a* and B * 
are the limiting values of the magnetic field on the 
outside and inside respectively of the surface of dis­
continuity. Combining Eq. (5) and (6) ,

Ap=  (7)
£ [A o

With the simplifying assumption that B * =  0, it 
follows that

(8 )

Then Eq. (6) states that B a* and j *  are orthogonal 
at every point on the boundary surface, and Eq. (8) 
that they are proportional. A constant value of sur­
face current density means by definition that the

44 W. A. N e w c o m b , Phys. Fluids 2, 362 [1959].
45 S. H a m a d a , Nucl. Fusion 2, 23 [1962].
46 D. L o r t z ,  Institut für Plasmaphysik München-Garching, 

private communication [1969].

46a D. L o r t z  and H .W e l t e r ,  Institut für Plasmaphysik Mün­
chen-Garching, private communication [1967].
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Fig. 1. Example of a /?  =  0 M & S type 
magnetic field configuration46a using 
cylinder coordinate R, (p, z. The charac­
teristic parameters are Q =  q /q0 , B rel 
=  B/ B0 and L =  l/l0 (I=  f  dl  along the 
field lines). The values q0 , l0 and B0 
=  /  B d///„ refer to the field line with 
the minimum value of q. (a) cross sec­
tion in the z =  0 plane, (b) cross section 
in a cp =  const plane at the bulge; (c) 
cross section in a qp =  const plane at the 

neck.

Fig. 1 a.

b)
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Fig. 2. Analogue model for representation of M & S surfaces. 1 — paper model28; 2 — wire model suggested by J u n k e r .

c) b)
Fig. 9. Coils to produce the Bf/ main field and the auxiliary field, (a) torus section and collector connection for windings 64

(b) auxiliary current windings 63.

64 D . D im o c k . U. G r o s s m a n n - D o e r t h .  W . L o t z .  E. R em y , and G . H. W o l f .  Max-Planck-Institut für Physik und Astro 
physik, München. Report MPI-PA-13/63 [1963].

Z eitsch rift fü r N atu rfo rschung  24 a, S eite  1002 b.
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current “lines” are equally spaced, from which it 
follows that, in the case of closed magnetic field 
lines in the surface, all field lines must be the same 
length.

Let us now consider the problem of approximat­
ing the surface current distribution j*  assumed in 
the above model by a real theta pinch plasma. L o n g - 
m ir e  and R o s e n b l u t h  47 have estimated the m ini­
mum thickness of the boundary layer between a 
collision-less, field-free plasma (neglecting for the 
moment this contradiction to the MHD model) and 
the confining magnetic field to be approximately 
VQe Qi ■> where Qe , £>; are the electron and ion gyro- 
radii respectively. For typical hot theta pinch plas­
mas this value is ~  10~2 cm, and is consequently 
smaller than the minimum plasma radius by two 
orders of magnitude. In fact, in the linear theta 
pinch experiments to be discussed, the formation 
of a boundary layer or plasma pressure gradient of 
at least the order of Q\ was always observed, which 
implies a bell-shaped rather than a box-type pres­
sure profile. Theoretically the width of this larger 
boundary layer can be explained by end-effects23 
or by m icro-instabilities*** occurring only during 
the early stages 21 of a theta pinch discharge.

According to Eqs. (6) and (8) ,  it is necessary 
that the equilibrium surface of a plasma which con­
tains no interior magnetic field be covered by a 
system of equidistant current lines free from sin­
gularities. That this requirement is also sufficient 
for the construction of special equilibrium configu­
rations has been demonstrated by KlPPENHAHN29. 
The magnetic field lines B a* perpendicular to j*  
are therefore geodetic lines 28, 29.

As mentioned earlier, we have been discussing 
the case of field configurations having symmetry 
about the plane 2 =  0. In this case, in order to 
achieve equal length magnetic field lines over the 
whole surface, the surface must have (periodic) 
corrugations which show the strongest bulge in the 
direction of the axis, R =  0. This becomes more 
evident by examining analog models, two of which 
are shown in Fig. 2 f . The first, due to M ey er  and 
S c h m id t  28, consists of a grid of paper strips. The 
larger, equilength strips represent magnetic field 
lines. The orthogonal hinged paper strips are of 
varying length but constant spacing, and thus sat­
isfy the condition for the current lines. The second

model was suggested by J. Junker and represents 
a mechanical variation of the first, in that equi­
length elastic wires (the field lines) are connected 
orthogonally at equal distances with variable length 
elastic wires (the current lines). A cylindrical seg­
ment and the corresponding toroidal segment of this 
model are shown. The wires corresponding to cur­
rent lines can move freely within their junctions 
and the inflection points of the wire curves must be 
situated only on such mechanical intersections or 
junctions.

The first investigation into the existence and 
shape of M & S surfaces was carried out by M ey er  
and S c h m id t  28, who considered the special case of 
non-parallel, planar current lines as shown in Fig. 3

Fig. 3. Numerically calculated M & S surfaces in contour line 
representation. The equidistant current lines are located in 

planes perpendicular to the image plane.

in contour line representation. The aspect ratio, 
A = f p/ R 0 (rp is the mean plasma radius, R 0 the 
mean major torus radius) differs by about a factor 
2.5 between the two cases. The total number of 
periods n/2 along the major torus circumference 
is 16.

The examples shown belong to a class of M & S 
surfaces wherein, for a fixed mean major torus ra­
dius R 0 , the length of the magnetic field lines (and 
thus also their corrugation on the inner contour 
line in the 2 =  0 plane) takes on a minimum value. 
The outer contour in this case represents the closest 
possible approximation to a circle; the circular 
shape itself is not allowed, however, for the special 
assumption of planar current paths 28.

As a better approximation to a real theta-pinch 
plasma, let us consider the M & S  “surface” as the

47 C. L. L o n g m ir e ,  Elementary Plasma Physics, S. 95, In- *** See section 3.
terse. Publ., New York —London 1963. t Fig. 2, 9, 10 —13 on page 1002 a, b.
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boundary sheath which divides the internal 
plasma region from an external ß  ^  1 plasma re­
gion surrounding the high ß  plasma. For the equi­
librium condition to be fulfilled it then follows, that 
in the external ß  1 plasma regions closed nested 
^-surfaces must envelope the high ß  M & S plasma. 
Since the M & S surface is itself a q surface, sur­
rounding adjacent q  surfaces can exist only when, 
proceeding outward from any field line lying in the 
M & S surface, all dq  have the same sign. The 
M & S  field lines close to the torus axis { R  =  0) 
satisfy the condition <3̂r <  0, according to Eq. ( 2 5 )+.

Therefore the M & S  surface must be so shaped 
that the criterion d q < 0  is satisfied on all field lines. 
It then also follows that, considering the M & S  sur­
face as fixed, the ß  ^  1 plasma adjacent to this sur­
face will be located in a magentic field which is 
stable with respect to interchange perturbations.

To investigate this problem, P f ir s c h  and W o- 
BIG 36 examined a further group of M & S surfaces, 
with ß = l ,  where the assumption of planar current 
paths is dropped. Starting from a reference circle 
R  =  R 0 in the 2 =  0 plane, toroidal coordinates 
( r , c p , S )  were used to construct an auxiliary to­
rus r{)(cp, 0 )  which coincides with rigorous M & S  
surfaces both along the inner and outer contour as 
well as around the periphery of the constricted and 
bulging regions. This auxiliary torus has the form

rP(<P, 0) = r H +  6 (@) - | - ( l - c o s  " )<p (9)

and a cross section in the z  =  0 plane is shown in 
Fig. 4. The function b { 0 )  in Eq. (9) is specified 
[&(ti) = 1 ] such that instead of the magnetic field 
lines, the lines 0  =  const are of equal length. The 
auxiliary torus thus has periodic symmetry regions

Fig. 4. M & S auxiliary torus given by Eq. (9). In the example 
shown, Eq. (25) is satisfied in addition. The special parame­

ters are /?0 =  100 th  , c =  rn , L =  . t  R 0/ 18 34.

t See following section and Fig. 6.

<p =  q>v ( v =  1 , . . .  ,n )  with 3^ = 0. ( 10 ) 

In this context we define the aspect ratio as

A = - * ~  (11 )

With the limitation ^ 4 ^ 1  and e <€ 1 where

£ =  16 R j r r  c (12)

it then follows that

6 ( 0 ) ~ 1 +  (2 ™ + l )  ( l + c o s 0 )  e . (13)

It has been show n34 that deviations between this 
M & S  auxiliary torus, described by Eqs. (9) — (13) 
and the rigorous M & S  surface are only of order 
A 2. For the case c / R0 1, the criterion d q <  0 from 
Eq. (24) leads to the following additional constraint 
on the parameters of the auxiliary torus36:

given by

With the restriction L Y t^ R q , Eq. (14) can be 
substituted in Eq. (12) to give

<i5>
Using Eq. (13) we obtain for the maximum ampli­
tude of the corrugation in that case

K © - o ) c / 2 « ^ y ^ .  d e »

When looking for the weakest possible M & S  cor­
rugation we choose a configuration with a circular 
outside contour, i. e. b( j i )  =  0. Then, from the equal 
length condition, we obtain the smallest value of 
the maximum corrugation amplitude

6 ( 0 = 0 )  c / 2 -  Vl L (17)

M & S  configurations with surface currents extend­
ed to the ß  <  1 case were recently represented by 
J o h n s o n , M o r se  and R ie s e n f e l d 48, who included 
the confining magnetic field as well as the current 
distribution setting up this magnetic field. For the 
plasma radius rv {(p, 0 )  the following expression 
was assumed

rp {(p, 0 )  = r p{ l  + Ö (c p ,  6>)} (18)

48 J . L. J o h n s o n .  R . L. M o r s e ,  and W. B. R i e s e n f e l d ,  Plas­
ma Physics 10. 543 [1968].
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where

d ( 99, ©)  =  2  cos I ®  sin h '
1=0

(19)

With the realistic assumption A  1 and L rp 
a relationship is established between the d 1 , ß  and 
the dimensions of the bulge. A series expansion 
from this relation with the ordering parameter

2 L2
£ =  ( 3 - 2  ß)  4 3 r* rp « T V  (20)

gives, for example to third order, the following so­
lution 48

<5,
<5„
<5.3
<50

| i  +  „ I
l 2 ( 3 - 2 / ? ) / ’ 

ß  £2 
" 4 (2 -/5 ) ’

3 /?2 £2
8 ( 2—ß)  (5 — 2 ß )

(21 )

The convergence of that series is shown for e <  1 .
For the ß  =  0 case Eq. (2 1 ) yields a circular out­

side contour with d0 =  (5X (£ =  1 ) . The maximum  
corrugation amplitude then becomes

L
(<50 +  (3j) T/2 .Zp

\  3 /?0 (1 7 a )

thus being a factor of ] / 3 smaller than for the ß  =  1 
case from Eq. (1 7 ). For ß  =  0.5 this factor becomes 
about ] /2  . K e m p , Q u i n n , R ibe  and Sa w y e r 49 have 
published graphs of the ratios d j d y  and S0/ d 2 as a 
function of (50 for the cases ß = \ ,  and ß  =  0 . 1 5 ; 
they also show a coil element intended to produce 
the / =  1 component of an M & S magnetic field.

General M & S configurations for the diffuse 
(bell-shaped) pressure profiles found in real theta 
pinch plasmas, although proved to ex is t46, have 
not yet been calculated. Theoretical results on this 
subject are confined to the simpler twTo-dimensionaI 
problem of the linear theta pinch having periodic 
corrugations. M er k el  and S c h l ü t e r 37 have treat­
ed this configuration and their results have been 
compared with the LIMPUS experiment discussed 
below. Fig. 5 shows the field lines for a bell-shap- 
ed pressure profile (see curve HB in Fig. 21) with 
ß  =  1 on the axis of the bulge. It is typical of 
such a configuration that with increasing radial 
distance from the plasma column the corrugation 
of the field lines remains at first approximately

Fig. 5. Magnetic field configuration of a corrugated theta 
pinch plasma with /?max =  l  and bell-shaped pressure profile 
according to the line HB in Fig. 21. The “neck” and “bulge” 
radii of the sinusoidally corrugated isobar surface p =  Pmax/2 
agree with the half width of the curves H and B in Fig. 21; 
the drawn-in mean plasma radius rHB corresponds to the half 
width of the curve HB. The dashed line shows the region of 

the coil used for the Garching LIMPUS experiment 50.

unchanged, but then increases such that near the 
vessel wall the corrugation is stronger than in the 
plasma. This latter effect increases as /?max de­
creases 37, so that the shape of the magnetic field 
at any given position gradually approaches that 
of the vacuum magnetic field of a corrugated theta 
pinch coil, as the reaction of the diamagnetic plasma 
currents on the confining magnetic field declines. It 
thus appears that for a given linear coil surface (a 
flux tube) which does not change with time, the ini­
tial corrugation of the plasma column is smoothed 
out if during a discharge the initially steep pressure 
profile relaxes and the initially high value of /?max 
(see Fig. 14 b) drops. Finally let us return to the 
question of the closed nested <jr-surfaces outside the 
region of high ß.  When using the condition of Eq. 
(14) it is postulated that everywhere Öq<_ 0. For 
the specified type of field configuration this can

i i ,  i l .
Fig. 6. Cross section in a cp =  const plane through a ß  «  1 
M & S plasma, showing the qualitative shape of the g-surfaces 
surrounding the plasma column. Left hand side: criterion of 
Eq. (14) not fulfilled; right hand side: criterion of Eq. (14) 

fulfilled.

49 E. L. K em p, W. E. Q u in n ,  F . L. R ib e , a n d  G . A . S a w y e r ,  50 C. A n d e l f i n g e r ,  G . D e c k e r ,  E. F ü n f e r ,  E. R em y , M . U l -  
P r o c . L o s  A la m o s  C on f. [1967]. r i c h ,  H. W o b ig , an d  G . H. W o l f ,  I n s t itu t  fü r  P la s m a p h y ­

s ik , M ü n ch en -G a rc h in g , R e p o r t  I P P  1/55 [1966].
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only be fulfilled if ß  is sufficiently close to unity 
and if V p  is sufficiently large. Even then, at a cer­
tain distance from the high-/? M & S surface, there is 
a q =  const surface on which dq  changes sign and 
which consequently has two branching points at 
dq =  0, leading to the formation of an “island” as 
shown schematically in Fig. 6. This is avoided by a 
configuration where d q >  0 everywhere, which is the 
case for a sufficiently gentle V p - From the above 
mentioned calculations using a diffuse bell-shaped 
profile, it can be estimated that for A ^  1, L in the 
region 10 — 30 cm, and rp in the region 0.5 — 1 cm, 
one has <5<?> 0 everywhere when /?max 5  ̂ 0.6. This 
regime corresponds more closely to future experi­
ments in theta pinches 49.

3. Stability

We will consider in this section only those stabi­
lity problems which arise from the geometrical re­
quirements for toroidal equilibrium, and which 
therefore do not occur in infinitely long linear theta 
pinches.

This consideration excludes the class of micro­
instabilities (e. g. 51_53) and the related anomalous 
diffusion of plasma across the confining magnetic 
field. As mentioned earlier, microinstabilities are 
due to a sufficiently large departure from the micro­
scopic thermal equilibrium distribution. Such de­
partures can arise in the linear theta pinch, e. g., 
from end losses, from the pressure gradient neces­
sary for confinement, or from the input of directed 
energy during the fast compression stage.

Although an anisotropy of the velocity distribu­
tion due to the end loses is no longer relevant in the 
toroidal theta pinch, posible perturbations by the 
diamagnetic currents or by the fast compression 
will be comparable with the linear geometry. To 
those must be added the forces arising from the 
curved magnetic fields which, in regions of un­
favourable curvature, act on the particles in a 
direction outward from the plasma axis. To simplify 
the problem, these forces are usually simulated by 
a “gravitational acceleration” term which, when the

51 M. N. R o s e n b l u t h ,  Plasma Physics, p. 485, IAEA Wien 
1965.

52 D. P f i r s c h ,  Max-Planck-Institut für Physik und Astrophy­
sik, München, Report MPI-PA 8/64 [1964].

53 N. A. K r a l l  u . M. N. R o s e n b l u t h .  Phys. Fluids 6. 254 
[1963].

54 H. A. B . B o d in  and A. A. N e w t o n ,  Proc. Los Alamos Con­
ference [1967].

gyro-radii may be considered negligibly sm all51, 
leads to the instabilities occuring also in the macro­
scopic MHD model. Consideration of finite (non­
zero) gyro-radii even can introduce a stabilising in­
fluence.

Primarily dangerous in going over to the toroidal 
theta pinch are thus the macroscopic MHD insta­
bilities, subject possibly to the stabilising influence 
of finite gyro-radii effects. This is experimentally 
supported by the fact that observations in a collision  
dominated theta pinch plasma for times long com­
pared with the relevant MHD instability growth 
times have shown no anomalous diffusion following 
the fast compression stage 54, 21.

The characteristic property of the M & S con­
figuration, compared with the normal linear theta 
pinch, is the corrugation of the plasma column 
which, seen from the plasma, gives alternating re­
gions of decreasing (unfavourable curvature) and 
increasing (favourable curvature) magnetic field. 
The relative importance of the regions of unfavour­
able curvature, compared to those of favourable 
curvature, increases (because of the curvature r 
the torus) as the major torus radius R  (for a given 
R0) increases, or as the meridianal angle 0  in­
creases (see Fig. 4 ) .

Since the investigation of the stability properties 
of an M & S configuration presents considerable 
difficulties because of the complex shape, it is use­
ful to consider first the simplified case of a peri­
odically corrugated linear (axial-symmetric) theta 
pinch, often referred to as LIMPUS 55,50. Such 
configurations have been theoretically investigated 
using the ideal (infinite conductivity) MHD mo­
del 34, 36~ 39> 41' 42 and the so-called “bouncing” mo­
del 40- 17.

In the MHD model we start with an equilibrium  
configuration satisfying Eqs. (1) and (4 ) , which is 
then perturbed. Any perturbations which decrease 
the net potential energy W  of the plasma and its 
confining magnetic field will lead to instability. The 
stability criterion is thus given by

d W > 0 .  (22)

55 W . L o t z ,  F. R a u , E. R e m y , and G. H. W o l f ,  Experiment 
LIMPUS — Parameter und Abschätzungen, Max-Planck- 
Institut für Physik und Astrophysik. München, internal re­
port [1965] and annual report [1964], The relevance of 
such an experiment for the M&S stability was first pointed 
out 1964 by D. P f i r s c h ,  Institut für Plasmaphysik, Mün- 
chen-Garching.
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Consider once more the simplified case of a ß  =  1 
plasma having only surface currents. Then, accord­
ing to B e r n s t e in , F r ie m a n , K ru sk a l  an K u l s- 
RUD 33, the variation b W  of the total energy W  can 
be split up into three terms

d W  =  d W P +  d W F +  d W M (23)

where P  is the plasma volume, F the plasma sur­
face, M  the external magnetic field. P fir s c h  and 
W o b i g 36 examined the special case where only 
ÖWy 4=0, since ÖWp and SJV\{ always give a posi­
tive (hence stabilising) contribution if different 
from zero. In this special case the following crite­
rion is valid

d W F =  f  —  d/ >  0 (24)
J Qn

where the integration is along the magnetic field 
lines in F,  is the distance between two field
lines in a surface p  =  const, and Qn~ x the normal 
curvature of the field lines in the surface. For a 
ß  ^  1 plasma variations of the potential energy W y  
of the magnetic field cannot occur, and the energy 
variation ÖW associated with an interchange of two 
infinitesimally small flux tubes is thus given by 
dW =  dq  32 where q is defined by Eq. (4 ) .  One then 
has d q < 0  for the stability criterion with respect to 
such “interchange perturbations” for ß  1 plas­
mas. There is an analogy between this criterion and 
Eq. (24) based on the relation 36

(25 )

which for the case B~ =  const reverts directly-to Eq. 
(2 4 ). This means that when the criterion of Eq. 
(24) is satisfied for a ß  =  1 surface, stability with 
respect to interchange perturbations is then also 
guaranteed in adjacent external plasma regions 
where ß  ^  1 .

A sinusoidally corrugated linear plasma column 
having surface currents with ß  =  1 is described by 
the equation

(2) =  fp +  a cos k z  (26)

where L =  2 n  k  1 is the spatial wave length. In 
Fig. 7 such a LIMPUS plasma ( mean radius rp) is 
shown schematically together with the coil (mean 
radius r0) producing the confining magnetic field.

In this geometry Eq. (25) becomes 32

Fig. 7. ß =  l  LIMPUS plasma according to Eq. (26), with 
mean radius fp and corresponding magnetic field coil with 

mean radius r0 .

Since rp is smaller in the regions of favourable 
curvature than in the regions of unfavourable cur­
vature, and since by symmetry the shape of Qn has 
the same weighting in either region, such a con­
figuration (B 2 =  const) is statble with respect to the 
above mentioned perturbations. An M & S surface 
according to Eq. (9) is also statble with respect to 
these specific perturbations, provided the criterion 
of Eq. (14) is satisfied sim ultaneously36. An ana­
lytical example of a LIMPUS surface perturbation 
s n which satisfied Eq. (25) and the condition 
0 W p  =  0 W m  =  0  is given by

£n =  £o - ^ - v s m m ©  (28)
r P  v2 )

where the angle 0  is designated by analogy to the 
M & S configuration. The perturbation £n in Eq. 
(28) represents grooves parallel to field lines whose 
depth at a “neck” [rp(z) =  fp — a]  is larger than at 
a “bulge” [rp(z) =  rp +  a ] . To examine further sta­
bility characteristics, W o b ig  36 and H aa s and W es­
s o n  39 have extended the stability investigation to 
the more general case with Ö W ^ +  O. To calculate 
d W M in this case, one assumes infinite conductivity 
of the internal coil surface (magnetic flux tube) 
with mean radius r0 (Fig. 7 ) . Since & W 0, the 
stability condition becomes S W M/ d W p >  1. For the 
following perturbations as test functions 34

in =  ŝ o sin 6) (29)
k z

and £n =  ! 0 sin m 0  cos —  (30)

this condition leads to the criterion 34, 39

j rp^ > 0 .  ( 2 7 , (3 1 )
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and
a  r p  +  a 2

> 1 (32) the radial distribution of B ( z ) :

respectively, where Q is defined in terms of r0
_  l+(/pA o)2;"

1 l- (r p /r 0)2m * (33)

The above equations show that since (rp/r0) 2<^  1, 
all perturbations with m ^ . 2  lead to instability. 
H a a s  and W e ss o n  42 have extended the model with 
surface currents to the case ß  <  1 (not ß  ^  1 ) with 
a particular view to the m  =  1 perturbations, and 
have thus obtained an improved approximation to 
real theta pinch plasmas. It was shown by these 
authors that below a critical value ß k (given a suf­
ficiently weak corrugation, ß  may be assumed con­
stant within the plasma volume) instability occurs 
even with respect to the m  =  1 perturbations; /?k has 
the value

ß K ~ i - ( r r l r 0) ’ m . (34)

The ratio rp/r0 for hot theta pinch plasmas is ap­
proximately 1/10, so according to Eq. (34) ß ^  =  
0.99. This value of ß  is unrealistically high for prac­
tical attainment in a weakly corrugated theta pinch 
plasma column, implying that the m  =  1 perturba­
tions are unstable as well.

An investigation of the MHD stability of a weak­
ly corrugated straight plasma column having a dif­
fuse radial pressure distribution has been carried 
out by W o b ig 41 concerning the higher { m  1) 
modes. The field lines in the plasma were assumed 
to have the form

r (z) = f  +  a { f )  cos k z  , (35)

where, because of the weak corrugation, k a 1 
and a/ f  1 . The stabilising effect of the inner coil 
surface wras neglected. This model represents the 
best approach in describing a real theta pinch plas­
ma; it also predicts that the LIMPUS configuration 
is unstable. Application of the variational principle 
yields the perturbation £n for wrhich d W  assumes 
the maximum negative value; £n has the shape 41

' 2 <"o P  M ___cos k z  I sin m Q  
J

(36)

where Bj  is the magnetic field strength and p =  
c B / o r  in the region of f. In addition to the above 
limitations it was assumed in Eq. (36) that 

2 /u0 p' a 

BI <  1 . (37)

H aas and W e ss o n  42 considered also the m  =  1 in­
stability for a diffuse pressure profile, described by

(38)

where n is an even positive integer and r <  rp . The 
suffixes refer to the given value of r, the nought 
indicates the value on the axis. Using the instability 
test funciton of Eq. (2 9 ), the stability criterion with 
respect to m  =  1 perturbations is 42:

rP <
(39)

where r0 is as usual the mean coil radius. For 
rp/r0~ 0.2, this leads to instability if ß 0lS 0 .97.

By analogy to the investigations using the MHD 
model with surface currents and ß  =  1, M orse 40 
has calculated the LIMPUS stability using the so- 
called “bounce” model. In this model the plasma 
is treated as a collisionless gas whose particles are 
reflected at the sharp interface between plasma and 
magnetic field and move along straight trajectories 
in the interior. To satisfy this assumption, while al­
lowing a sufficiently high temperature for the col- 
lisionsless approximation, the magnetic field strength 
B\ inside the plasma must be sufficiently small for 
the local gyro-radii of the ions at least to exceed the 
plasma radius rp . We then obtain the following in­
equality for the validity of the “bounce” model, 
where o, is the ion gyro-radius outside the inter­
face.

ß > i - ( e ,  f a ) 2- (40)

For practical calculations, Eq. (40) can be rewrit­
ten by expressing Q[ (in the case of position-indepen­
dent temperatures) by the following equation (quan­
titative for D+ ions) :

>̂i 3 io7 y  n{1+Te/T.)

Combining Eqs. (41) and (40) yields

i / T A (cm ). (41)

ß > (dimensions cm) (42)1015/n rp2 +  l

where we have assumed T"; T e , a condition which 
is generally satisfied in a hot theta pinch plasma 5> 6. 
Characteristic parameters would be rp =  0.5 cm and 
n =  2 x 1016 cm-3 , giving /? > 0 .8 . The practical 
realization of Eq. (42) thus is not assured. It is 
noteworthy however, that the results of the “bounce” 
model calculations, apart from the growth rates, 
agree essentially with the results from the MHD 
model. One again obtains that the LIMPUS configu-
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ration is stable with respect to m  =  1 perturbations 
because of the presence of a conducting coil surface 
( m =  1 stability is otherwise marginal) whereas per­
turbations for m  ^  2 will grow unstable. In the 
approximation 2 m a/ rp ^  1 , the perturbation with 
the shortest growth time (i. e. the most unstable per­
turbation) has the following form 40

1 +  - (m — 1 ) cos k z 
tp

sin m 0 ,  (43)

where again a sinusoidally corrugated equilibrium  
plasma surface, given by Eq. (26) has been as­
sumed. The “most unstable” perturbation given by 
Eq. (43) agrees, for m ^ >  1, with the most unstable 
perturbation in the MHD model [Eq. (3 6 )]  when 
l j r  2 jli0 p  /B'f. . The results of stability calcula­
tions carried out thus far are summarized in the fol­
lowing table

The various models show strong variations in the 
growth times r of the indicated instabilities. For the 
perturbation given by Eq. (29) and the correspond­
ing ß  =  1 surface current model, one obtains the 
MHD growth time t s 34

Ts ti J/2 v \  (5 Y m  — 1 (44 )

where V\  is the Alfven velocity when for the value 
of the magnetic field there ß a is taken, and <5 =  a/rp .

The growth time rB [of the perturbation given by 
Eq. (4 3 )]  for the analogous ß  =  1 “bounce” model 
is considerably longer 40,17

L2
for small m rn =  - -----—----  (45)

a vi d2{m — 1) rp

L2
for large m  rB =  - „ ,, s— .

°  2  jis1* vi o rp

An estimate of the MHD growth time, t,„ = 1 , accord­
ing to the /?<1  surface current model, leads to 42

W + 0  1 >; (4 7 )

For 1 and 0.7 >  ß  >  0 .4  this gives

r m = l ^ L / V 2  n  vA d • (48)

Thus xm = i agrees with rs [Eq. (4 4 )]  for m =  2 .
The growth time rv obtained from the volume 

current model is considered to be the most relevant 
one, in particular for the higher mode numbers. As 
an example consider the pressure distribution

p ( r )  = P m a x  exp{ -  {r / rp) a}  (49)

which yields a Gaussian profile for a =  2. Then for 
m  1 the corresponding growth time becomes in­
dependent of m  41

T y=  2 V3 v i b  • (5° )

To illustrate the growth times given by Eqs. (45) 
to (5 0 ), the diagram of Fig. 8 shows these times as

Re la t i v e  c o r ru ga t i on  a m pl i t u de  6

~ m  = 1 — ]/2 7t v \ d  L /?(3 —2 /?) {1 +  (1 —2 ß)  Q }

Fig. 8. Instability growth times according to Eqs. (45) — (50) 
as a function of the relative corrugation amplitude d = a / f p . 
The parameters of the sinusoidally corrugated LIMPUS con­
figuration are fp ~  0.5 cm, L =  30 cm and v\ «  v \  «  5 • 107

cm/sec {k T i ~  3 keV).

Model
Pressure

Distribution

MHD MHD MHD bounce

J  " L J  L L r

ß i < i < 1 l
m =  2 unstable34,42 unstable 42 unstable41,37 unstable40

r s . . .  44 /3 <  Ac • • • 34 r v .. .  50 tb . . .  45/46
TO =  1 stable34,42 unstable42 

ß <  ßk 
Trn=l . . .  47

unstable42 stable40

Table 1. Results of stability calculations for the LIMPUS configuration. The appropriate reference is given in each case. The 
growth times r  are marked by the numbers of the corresponding equations given in the present paper.
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a function of ö =  a / f p , assuming an experimentally 
relevant LIMPUS configuration with a sinusoidal 
corrugation of amplitude a,  rp« ;0 .5  cm, L =  30  cm 
and V [ ^ a V \ ^ 5  • 10" cm/sec ( k T ;« s3 k eV ). A plas­
ma surface having a different axial variation be­
haves equivalent to a sinusoidally shaped one, if 
J (drp/dz)2 dz, taken over one period, remains un­
changed 42.

From Fig. 8 it can be seen, that the MHD growth 
times, which are insensitive to m,  are roughly of 
the order of one microsecond. Subsequently a very 
unfavourable picture is obtained regarding the pos­
sibilities of long term plasma confinement ( >  10 -2 
sec) by means of an M & S configuration, unless 
these instabilities can be suppressed or their growth 
rates decesively reduced by additional measures.

As far as the m  ^  2 perturbations are concerned 
a stabilising mechanism has been suggested based 
on the fact that in the theta pinch plasmas under 
discussion the ion gyro-radii are no longer small 
compared with the plasma radius. According to 
R o s e n b l u t h , K r a ll  and R o s t o k e r  35, the validity 
of stability investigations using the MHD model is 
questionable whenever

Tßi~ ( ^ y '  <5i)
where X is the wavelength of the perturbation per­
pendicular to the magnetic field (in our case 2 n  f / m ) 
and Q\  is the ion gyro frequency. These authors 
considered some specific examples in which they 
showed that, in the approximation ß  ^  1 , the MHD 
unstable perturbations do not grow (in the collision- 
less case) provided the left-hand side of Eq. (51) 
is larger than the right-hand side.

The application of the criterion of Eq. (51) to 
thet LIMPUS configuration appears meaningful if 
the smallest gyro-radii existing in the outer regions 
of the plasma column ( ß  ^  1 ) , as given by Eq. (41), 
are used instead of the relatively large ones. Sub­
stituting the growth time t s [Eq. (4 4 )]  into Eq.
(5 1 ), the stability criterion for m ^ .  2 is found:

L >  <3rp2/ ( 52)

which is likely to be satisfied for all LIMPUS con­
figurations of interest. Even if the suppression of 
the m  ^  2 instabilities remains incomplete, how­

56 G. H. W o l f ,  Institut für Plasmaphysik, Report IPP 1/63
[1967].

57 J . J u n k e r ,  Phys. Fluids 11, 646 [1968].

ever, the damping of these modes will be sufficient 
for their growth times to exceed that of the m  =  1 
mode. Since it is not expected that similar damping 
mechanisms, e. g. increased viscosity due to ion-ion 
collisions, will significantly reduce the growth rate 
of the m =  1 mode, this instability is considered to 
be the most dangerous one in limiting the confine­
ment time in any bulged theta pinch plasma.

The last stability question we have to consider 
concerns the extensions of the stability results ob­
tained on the linear LIMPUS configuration to an 
appropriate toroidal M & S configuration. W o b i g 34 
has shown that a torus whose major radius is large 
compared to all other dimensions in the problem  
does not involve a substantial variation of the sta­
bility characteristics from those of a linear system. 
For practical applications, however, we are interest­
ed in the M & S configuration with equivalent sta­
bility properties, which has the smallest major ra­
dius R 0 . Although other choices are possible 56, we 
shall assume that the required equality is given 
when the maximum relative corrugation amplitude d,  
the mean plasma radius rp and the period length L 
remain the same. From Eq. (2 1 ) , we then obtain an 
estimate of the minimum major torus radius R 0 .

Having an estimate of R 0 , we can examine the 
relationship between the containment times of both 
an M & S type torus and a smooth uncorrugated 
torus, assuming that the linear stability theory can 
be applied to perturbation amplitudes £ growing up 
to dimensions of the order of the minor vessel ra­
dius. For this purpose we compare the instability 
growth time tm&s (for an initial perturbation f 0 to 
grow by a factor of e) with the toroidal drift time rD 
(for a smooth plasma column confined by a purely 
azimuthal field, after having moved an initial dis­
tance <?0 from its starting position v 0 =  0, R  =  R 0 , 
to move an additional distance | 0( e —1 ) towards 
the w a ll]. This toroidal drift time is approximately 
given by 25.26,57-59 Td~ 0 .6 5  ]/£0 R j v x', from Eq. 
(48) we get ^ L / Y ' 2  ^ v\ ö.  Substituting these 
relations into Eq. (53) yields

(54)
TD I f 0

58 A. S c h l ü t e r ,  Institut für Plasmaphysik, München-Gar­
ching, Report IPP 6/39 [1965].

59 E. R em y , Max-Planck-Institut für Physik und Astrophysik, 
München. Report MPI-PA-62/1 [1962].
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To use this relation we need an assumption about 
the amplitude of the initial deviation from the 
equilibrium, which may be already produced during 
the rapid compression phase of the discharge. For 
a rather optimistic appraisal, taking | 0« irp /10 , we 
find Tjvi&s/t d ~ 3 .

4. Toroidal M&S Experiments

The experiments described in this section were 
intended to demonstrate whether or not a high ß  
M & S  configuration can be set up or approximated 
adequately by using the theta-pinch approach.

An estimate based on Eq. (54) shows that in or­
der to obtatin a markedly longer containment time 
than with a purely azimuthal magnetic field, the 
initial perturbation of the equilibrium position 
must be kept as small as possible.

To prevent undesirable axial movement of the 
plasma during the fast 0 -pinch compression, this 
condition requires that the length of the M & S  pe­
riod be large compared to the radius of the plasma 
column, which according to Eq. (52) is also desir­
able for FLR (finite Larmor radius stabilization). 
The major torus radius R 0 is then at least of the 
order of a few metres. For a mean minor coil radius 
of r0 =  5 cm and a maximum magnetic field of 
^m ax= 10 0 kG the magnetic field energy stored in 
the coil is Em =  1/3 M  J/ m;  to operate a correspond­
ing torus of Ä0 =  2 m , a capacitor bank of 8 MJ is 
required (matching of about 50%). To avoid such 
an expense for the present let us consider some less 
ambitious methods of investigating M & S  plasmas:

1 . We may investigate the plasma behaviour at lower 
temperatures and correspondingly smaller confining 
magnetic fields. The gyro-radii remain of the same 
order [proportional to ß/ n;  see Eq. (41)] whereas the 
mean free paths are reduced; e .g . at n —1016 cm“ 3, 
the ion m.f.p. is reduced from about 100 m (at 3 keV) 
to 10 cm (at 10 eV ). The increased collision frequen­
cies which result lead to a strong increase of classical 
diffusion perpendicular to the confining magnetic field. 
The diffusion velocity of a 10 eV plasma having r =  0.5 
cm (r is the half width of the pressure profile) and 
ß = l  at the axis is of the order of dd ^  3 mm/,«s as­
suming V p ^ p max/2f. For such large vd , the behav­
iour of high ß  plasmas in this temperature region 
can be observed only during the first few microseconds 
after the end of the fast compression.

00 W . L o t z ,  E. R e m y , and G . H. W o l f ,  Nucl. Fusion 4 , 335
[1964].

61 U. G r o s s m a n n - D o e r t h ,  W. L o t z ,  E. R em y , and G . H.
W o l f ,  Phys. Rev. Lett. 10, 1, 5 [1963].

2. We may reduce the torus radius R 0 . This leads 
to stronger overall curvatures of the M & S  surface and 
decreases the influence of FLR, thus m ^  2 perturba­
tions may be expected in addition to the possible m =  1 
instabilities. A realistic lower limit for R 0 results from 
the increasing difficulty of producing the corrugation 
of the theta-pinch plasma necessary for equilibrium.

3. We may abandon the condition of a closed con­
figuration and investigate only a torus segment. As a 
limiting case (i. e. in approaching a straight section) 
this alternative also includes the corrugated linear 
theta-pinch LIMPUS, where the stability can be con­
sidered independent of the equilibrium problem. How­
ever, the question now arises as to whether the ex­
perimental results obtained with open ended configu­
rations can be meaningfully applied to closed geome­
tries. The presence of the ends might influence the 
stability condition through the changed velocity distri­
butions, by additional regions of favourable magnetic 
field curvature outside the coils, or by “line tying”. 
Pressure perturbations from the ends propagate at ap­
proximately the A l f v e n  velocity v a  along the plasma 
column 21, so that for a sufficiently long coil there is a 
usefully long observation time for the undisturbed 
plasma far from the ends.

M & S  experiments on a toroidal theta-pinch have 
been caried out for the following parameters: R 0 =  
26 cm; r0 =  3.5 cm; T =  5 — 10 eV; Z?max =  l lk G .  
These parameters thus correspond to the conditions 
covered in points 1 and 2 .

The rapid diffusion which is characteristic of this 
case, and the corresponding short lifetime of the 
high ß  state in which we are interested, are com­
pensated by the fact that in a torus of smaller ra­
dius other characteristic time scales are also shorten­
ed, such as the toroidal drift time t d  in a smooth 
torus or the instability growth times in an M & S 
torus.

The experiments described below were carried 
out during 1964/65  at the Max-Planck-Institut at 
Munich extending earlier experiments reported else­
where 60_63. The only relevant theoretical treatment 
available at that time was the paper by M e y e r  and 
SCMIDT 28.

In the absence of theoretical guidance for shaping 
the magnetic field of an M & S configuration, our 
experiments were primarily concerned with investi­
gating the effect of various M & S-like corrugated 
magnetic field geometries on the behaviour of the 
plasma. The experiments can be divided into two

62 W . L o t z ,  F. R a u , E. R em y , and G. H. W o l f ,  ESPP, Eurat,
Symp. Plasma Phys., Varenna, Brussel, Informations Nr.
15 763 e, f, Part III [1964],

63 W . L o t z  and E. R em y , Max-Plack-Institut für Physik und
Astrophysik, München, Report MPI-PA-6/62 [1962].
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groups which differ according to the method of pro­
ducing the magnetic fields. In the first m ethod61, 
separate auxiliary coils were used to superimpose 
a corrugation upon a purely azimuthal (Bv ) main 
field. In the second method, the inner surface of the 
main coils was shaped so that they themselves pro­
duced a net corrugated field.

For  met hod one:  a glass torus of circular cross 
section was fitted with windings to produce a (pure­
ly azimuthal) Bv field. The auxiliary windings to 
produce the magnetic field corrugation were mount­
ed on the inner side of the torus (i. e. near the ma­
jor axis) and supplied with variable currents. The 
windings for the B Cf field consisted of two concen­
tric solenoids through which currents flowed in op­
posite directions to produce zero net azimuthal cur­
rent.

Fig. 9 * shows a torus section at the position where 
current is supplied to the B v winding from a col­
lector. The 31 [.d capacitor bank was charged to 
16 kV and produced a maximum Bv field of 11 kG 
with a ringing frequency of 30 kHz. A pre-ioniza­
tion bank connected to the same collector and charg­
ed to 25 kV produced a maximum B v field of 2 kG 
at a frequency of 200  kHz. The dimensions of the 
torus were: R 0 =  2 6 cm  (major radius of torus); 
rs =  3.8 cm (inner coil radius); and rg =  3 cm (in­
ner radius of glass vessel). The auxiliary windings 
were first mounted as shown on Fig. 9 (b ) . The 
auxiliary current (in the z  — 0 plane) flowed alter­
natively in the direction of the current producing 
the main Bv field, which is locally increased, and 
in the opposite direction, to decrease the main field. 
The number of these periods around the major to­
rus circumference was varied and 16 periods were 
found to give the best results. During these early ex­
periments 63 it was not realized that the auxiliary 
current leads should have passed through the glass 
vesel to produce the desired magnetic field configu­
ration. Later this problem was recognized and the 
auxiliary windings were passed through the glass 
vessel by means of glass tubes or notches. In this 
way the acceleration, , of the plasma (the toroidal 
drift arising in purely azimuthal fields) was elim i­
nated by a suitable adjustment of the current in the 
auxiliary w indings61. In addition to providing the 
correct current magnitude, it was also necessary to 
switch on the main and auxiliary fields simultane­
ously.

* Fig. 9 on page 1002 b.

A new effect now appeared, however, consisting 
of a compression of the plasma column towards 
the 2 =  0 plane and a simultaneous spreading out 
in this plane. This spread was caused by too small 
a corrugation of the magnetic field perpendicular 
to the z =  0 plane, which made the magnetic pres­
sure perpendicular to this plane larger than that 
along the outer and inner contour of the plasma 
surface (in the 2 =  0 plane). This means that the 
<52 component, from Eq. (1 9 ), of the applied mag­
netic field was not adjusted correctly. To overcome 
this problem a new arrangement of auxiliary wind­
ings was used in which the currents flowed not only 
along the inner side of the torus but along the 
top and bottom as well. A section of such a torus
— whose appearance gave rise to the name “crown 
torus” — is shown in Fig. 10 **. The results obtained 
with the “crown” torus can be summarized as fol­
lows:

(a) The plasma behaviour was not adequately 
reproducible either in time or space, i. e. from pe­
riod to period around the torus circumference. The 
reason was presumably that the mechanical mount­
ings for the auxiliary windings were not sufficiently 
accurate and rigid. The confinement time could be 
extended up to a factor of 3 above the same dis­
charge without current in the auxiliary windings; 
in the latter case (i. e. without auxiliary current) 
the toroidal drift time rD was observed to be the 
same as in a smooth vessel (circular cross section) 
without any additional windings.

(b) The shape of the auxiliary windings could 
be varied as shown in Fig. 11, to produce plasma 
spreading in the 2 =  0 plane (<52 too sm all), as al­
ready discussed or, in the other extreme, perpendicu­
lar to the 2 =  0 plane (d2 too large). The times 
shown in Fig. 1 1  correspond to ~  3 //sec.

All efforts to find an intermediate position of the 
auxiliary windings between these two extremes, such 
that all spreading was completely avoided and the 
plasma column remained in the centre of the tube, 
however, were unsuccessful. Although for the first
2 — 3 //sec the plasma column maintained a circular 
cross section with the best winding arrangement 
used (for the two extreme positions some spreading 
could already be distinctly observed during this 
tim e), nevertheless a spreading or net displacement 
of the plasma always occured at later times. Further 
experiments were therefore required to determine

** Fig. 10—13 on page 1012 a.



Fig. 10. Section of “crown torus” on which the Bv  windings Fig. 11. Influence of different arrangements of the auxiliary 
as well as the auxiliary “crown-like” windings are visible 60. windings used on the “crown torus”, shown schematically in a

99 =  const plane.

Fig. 12. Photograph of pyrex glass discharge vessel based on 
the M & S surface (above) of Fig. 3.

Fig. 13. Image converter photographs taken with visible light 
from successive discharges (40 mtorr H2 , at Smax =  l l  kG, 
with pre-ionization) in vessel of shape 1 with equidistant 
loops 62. The times when exposing are given in /usees; the ex­

posure time was 0.3 /usee. ------- >•

Z eitsch rift fü r N aturforschung 24 a, S eite  1012 a.
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whether the end of the confinement was due to in­
accuracy in placement of the windings or to in ­
stabilities.

For met hod t wo:  use was made of the fact that 
suitable magnetic field configurations can also be 
obtained by proper shaping of the coils themselves. 
The inner surface of a theta-pinch coil represents 
a magnetic flux tube for the time period of interest, 
because of the skin effect.

Since the strong forces which are exerted on a 
coil structure by the large magnetic fields are in part 
responsible for the problems discussed above under 
method one, the method of coil shaping represents 
a technically easier way of producing the desired 
M & S  fields. Additional windings can be provided 
in the coil interiors to produce small corrective 
fields of variable amplitude and phase.

For the production and confinement of an M & S 
plasma by means of this technique, three require­
ments should be satisfied:

1. After the fast theta-pinch compression the plas­
ma surface must take on M & S geometry.

2. The strength of the confining magentic field 
must simultaneously fulfil the conditions for equi­
librium.

3. Finally, during the adiabatic compression 
phase of the discharge, the field configuration must 
change in acordance with the changing volume of 
the plasma column.

Apart from the programmed corrective field men­
tioned above, two independent parameters (within 
limits) are availabe for satisfying these three re­
quirements :

(a) The shape of the inner coil surfaces;
(b) The shape of the discharge vessel, which then

determines the initial mass distribution and the flux 
tube tangent to the plasma surface.

In the case of the experiments described below, 
no calculations were available for either the con­
fining magnetic field which determines the coil shape 
or for the dynamics of the fast compression from  
which the vessel shape has to be determined. The 
experimental problem thus consisted of empirically 
testing various vessel and coil shapes. Because of 
the multitude of possible 3-dimensional shapes, the 
search was limited to an examination of the tenden­
cies in the plasma behaviour as affected by different 
shapes. Two different vessel shapes were tested in 
conjunction with several coil shapes and no additio­
nal auxiliary windings were used.

The first vessel shape (shape 1) was based on a 
numerically calculated ß  =  1 M & S  surface, with
16 periods around the major torus circumferences 
and with approximately the same volume as the 
equivalent smooth torus. The diameter at a “bulge” 
was 9 cm. The selected shape is shown in Fig. 3 
above and a photograph of the pyrex glass discharge 
vessel is shown in Fig. 12.

The first type of coil spanned each M & S  period 
with 12  equi-distant copper loops (this spacing in 
accordance with the simple M & S  picture), electri­
cally connected in parallel.

With this arrangement the plasma column re­
mained at the centre of the vessel for 2 — 3 //sec  
following the fast theta-pinch compression, and then 
drifted towards the vessel wall in + R  direction, 
reaching the wall about 6 //sec after the start of the 
compression. The confinement time was thus in­
creased by a factor 3 — 4 compared with an equi­
valent discharge in a purely azimuthal magnetic 
field (i. e. with the toroidal drift time rD) .

The behaviour of the plasma can be seen in Fig. 
13, which shows a series of image convertor photo­
graphs of successive discharges in hydrogen at 
40 mtorr, taken at 1 //sec intervals looking perpen­
dicularly to the 2 =  0 plane. The inner vessel wall 
is indicated by the apexes of the white triangles.

In addition Fig. 13 shows that immediately fol­
lowing the fast compression the plasma surface has 
an M & S-like shape which, however, increasingly 
smooths itself out during the next few microseconds 
so that this initial corrugation nearly disappears 
during the above mentioned drift phase.

Simultaneous photographs were taken at 90°  
from above, sighting along the major radius R  in 
the 2 =  0 plane, to furnish a stereoscopic picture. 
These showed that the plasma tended to spread out 
perpendicularly to the 2 =  0 plane during its drift 
to the wall.

When compared with results from the “crown 
torus” , the advantages of this new technique (i. e. 
with shaped vessel and coils) were considered to be 
not so much the slightly increased confinement time 
as the high reproducibility of the individual dis­
charges as determined from image converter photo­
graphs and spectroscopic measurements. Thus it 
was possible to measure in successive discharges the 
radial distribution of the line and the continuum  
radiation (4200 A) by scanning from the centre to 
the edge at the “necks” and “bulges” of the corru-
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gation and from these measurements to deduce tem­
perature and density distributions 6o. The resulting 
temperatures are compared in Fig. 14 to the tem­
perature obtained in the equivalent smooth (purely 
azimuthal field) theta-pinch.

Fig. 14. (a) Time variation of Te at the “necks” (H) and 
“bulges” (B) of a shape 1 type discharge (40 mtorr H .,, at 
Binax =  11 kG with pre-ionization and equi-spaced loops) and 

in the corresponding smooth torus (N).

ß

1

0,5

0

Fig. 14. (b) Time dependence of /?max (on the axis of the 
plasma column) at the bulge in the same shape 1 discharge 

(relative error ~  20%).

It can be seen that the “bulge” temperatures agree 
closely with those from the corresponding smooth 
torus (during the drift tim e). The same figure also 
shows the time dependence of ß max existing locally 
on the axis of the plasma column. As a next step, 
various non-equidistant loop arrangements were used 
in order to investigate other magnetic field geo­
metries. Typical results of these experiments are 
shown in Fig. 15, which are image convertor photo­
graphs taken at 2 and 3 /<sec. The top photographs 
show discharges in the equidistant loop arrange­
ment corresponding to Fig. 14. The second row of 
Fig. 15 shows discharges for which the current loops 
are pinched together at the necks to increase the cor­
rugation of the magentic field. Accordingly the po­

65 These measurements were carried out together with J . J u n ­
k e r .

sition of the plasma column is displaced towards 
the major torus axis R =  0 to such an extent that 
possible contact with the wall at the inner side of 
the necks could not be discounted. This is even more 
evident in the next two pictures in row three, where 
the plasma touches the wall along most of the inner 
vesel contour; thus, because of the closer spacing of 
the loops, the corrugation of the magnetic field was 
such that the initial drift motion was reversed.

The parallel-connected copper loops which were 
used as field coils in these experiments had two dis­
advantages. Firstly, it was found that in the “neck” 
regions some of the magnetic flux passed outside the 
tube formed by the loops so that the intended shape 
of the flux tubes was not completely achieved. Sec­
ondly, currents were necessarily constrained to the 
loops and could not flow axially. To overcome both 
these disadvantages, in the following experiments 
the field coils were formed of massive shells, pres­
sed from 1.5 mm thick copper sheet, which sur­
rounded the glass vessel with a gap of 1 mm and 
which at the discharge frequency of 30 kHz were not 
penetrated by the magnetic field lines. To enhance 
or weaken the corrugation, variously shaped wedge­
like sections were cut from the coil bodies at the 
neck regions as shown schematically in Fig. 16. The 
plasma behaviour was investigated at initial pres­
sures of 10, 20 and 40 mtorr and the figure shows 
four characteristic sequences of image converter 
photographs (at 40  mtorr) in which tendencies si­
milar to those in Fig. 15 with variably spaced loops 
can again be detected. Whereas in sequences 1 and 2 
the original outward drift was over-compensated 
because of the too strongly corrugated inner con­
tour of the magnetic field, 4 //sec after initiation of 
the discharge in sequence 4 an outward drift is ob­
served similar to the plasma behaviour in Fig. 14. 
In sequence 3, on the other hand, the centre of gra­
vity of the plasma remains nearly unchanged after
4 «sec but the plasma column begins to spread out 
as in sequence 1 and 2 . This spreading or fanning 
tendency becomes even more evident in discharges 
at 10 mtorr. An example is shown in Fig. 17, taken 
at t =  8 //sec with the same sheet coil arrangement 
used in sequence 3 of Fig. 16. That photograph also 
shows that the plasma column eventually splits into 
several filaments. The actual confinement time for 
10 mtorr discharges was only 3 — 4 //sec, however, 
since by this time there was usually contact between 
the plasma and the walls.



3

' ■ > fcfttHVrf Fig. 17. Image converter photograph at t =  8 ,usee (10 mtorr H2, 
Ämax =  11 kG, with pre-ionization). The arrangement of the 
field coils is the same as in sequence 3 of Fig. 16. This photo­
graph shows the splitting of the plasma column into at least 

three separate filaments, suggesting an m =  \  instability.

Fig. 15. Image converter pictures of shape 1 discharge (40 
mtorr H2, ßmax= H  kG, with pre-ionization) for different

4-------  current loop arrangements.

m m

%

Fig. 16. 4 sequences of image converter photographs of successive discharges (40 mtorr H .,, # m ax  =  l l  kG, with pre-ioniza­
tion) in type 1 vessels using copper sheet field coils. The white triangles indicate the inner wall of the discharge vessel. The 
four sequences of photographs are distinguished by different types of sections cut away from the coil body at the neck regions

to influence the magnetic field shape.

Z eitsch rift fü r  N atu rfo rschung  24 a, S e ite  1014 a.



Fig. 19. Streak photograph of a discharge in the LIMPUS 
coil 50 (observation through slot HB parallel to plane of col­
lector in D2 at 290 mtorr and a bank energy of 1 MJ). The cur­
vature of the picture is due to the return magnetic flux in the 
image converter tube and the white fringes outside the plasma 
column are reflections from the vessel wall. The perpendicu­
lar white patch after 19 sec shows the start of the second 
half cycle of the main discharge. The (nearly) periodic flares 

are interpreted as m >  2 instabilities.
------- >

Fig. 20. Streak photographs of discharge with the LIMPUS 
coil 50 (direction of observation parallel to the collector slot) 
for a capacitor bank energy of 340 kj. The bright patch after 
14.7 Msec shows the start of the second half cycle of the main 
discharge, (a) 20 mtorr D2. Flares are seen through slits B 
and, especially, HB which are interpreted as m >  2 instabili­

ties; (b) 10 mtorr Do. No flares are visible.
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Fig. 23. Image converter and streak camera photographs of the generated unstable bulge (left) and the growth of the m =  l  in­

stability (right) 66. The bulge strength <5 increases from top (6 =  0) to bottom (5 =  0.42).
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In the final series of experiments, a second dis­
charge vessel (shape 2 ) was used in which the over­
all corrugation was shallower than in shape 1 .

The surface of this vessel was formed from a 
calculated M & S surface for a thinner plasma col­
umn (shown in Fig. 3 below) by adding to this shall­
ower corrugation a constant 2 cm radius to produce 
a surface of the same average diameter as shape 1 . 
As before, coils with various corrugation amplitudes 
were used.

The behaviour of the plasma in shape 2 was 
qualitatively similar to that shown in Fig. 14, al­
though the time during which the plasma remained 
in its centrtal position was so brief and uncertain 
that the plasma column had already readied the 
vessel wall in 3 — 4 //sec. It is concluded that shape
2 was a poorer approximation to the equilibrium  
condition than shape 1 .

The M & S experiments described here can be 
summarised and interpreted as follows:

1. The acceleration of the plasma centre of gra­
vity (the “toroidal drift” in a purely azimuthal mag­
netic field) could be either reduced, reversed or eli­
minated. In the latter case the geometry of the plas­
ma surface initially agreed, qualitatively, with an 
M & S surface. By comparison with the equivalent 
smooth torus, the confinement time was increased 
by a factor of about 3 — 4, for a plasma of about 
the same temperature and density.

2 . The plasma column at first remained in the 
centre of the tube for several microseconds while 
the initially corrugated shape gradually smoothed 
out. Subsequently, an outward drift of the entire 
plasma column was observed. The smoothing pro­
cess which was due to the decrease of ß  with time 
as a result of classical diffusion, modified the con­
figuration originally set up for providing equili­
brium. For this reason it could not be stated whether 
or not the observed drift was caused by an m  =  1 in­
stability.

3. In some series of experiments flute instabilities 
of the type m ^  2 developed towards the end of the 
confinement time, in accordance with the MHD-mo- 
del [Eq. (4 4 ) ] ,  and these instabilities competed 
with the processes mentioned above to limit the 
plasma confinement.

4. However, the obvious agreement of the observ­
ed confinement time with a calculation based on the 
MHD instability [Eq. (5 4 )]  suggests, firstly, that 
the low-m MHD modes play a substantial role in

limiting the confinement time and, secondly, that 
the configuration originally set up represents an 
adequate approximation to the equilibrium requir­
ed. Thus these experiments have answered the ques­
tion we posed in the affirmative.

To gain experimental evidence about the remain­
ing uncertainties concerning, in particular, the sta­
bility characteristics of an M & S configuration, 
linear theta-pinch experiments in MHD-unstable con­
figurations have been carried out where, on the one 
hand, the pressure profiles and the value of ß  re­
mained sufficiently constant during the observation 
time and where, on the other hand, it is less difficult 
to distinguish between the equilibrium and stability 
problems.

5. Linear Stability Experiments

In the case of MHD unstable linear theta pinch 
configurations, e. g. in the corrugated LIMPUS geo­
metry (Fig. 7 ) ,  the toroidal problems were replaced 
by end-effect problems. End signals propagate along 
the plasma column not faster than with about the 
Alfven velocity, v \  . Thus, in order to obtain a suf­
ficient time for stability observations without end 
influences, one requires coils about 10 m long. In 
view of the capacitor banks available at present this 
means that the attainable magnetic fields are not suf­
ficient to heat and confine collisionless theta-pinch 
plasmas. Pending the completion of the Scyllac 
bank 17 one thus has the choice of either investigat­
ing collisionsless plasmas in coils which are too 
short, or collision-dminated plasmas in sufficiently 
long coils. In both of these regimes stability experi­
ments have already been carried out 21 ’ 55, 66.

— -**>— 1
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Fig. 18. LIMPUS geometry, a, coil surface; b, vessel; c, plas­
ma; (in mm), r scale =  1 : 1, z scale =  1 : 10. B, HB, and H 

are positions of observation slits 50.

66 H .A .B .B o d i n ,  A. A. N e w t o n ,  J. W e s s o n ,  and G .H .W o l f ,  
submitted for publication to Phys. Fluids [1968].
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In the preliminary LIMPUS experiment in Mu­
nich using the “Isar I” bank 50, 56, the normal theta- 
pinch coil of 150 cm length was subdivided into five 
sections having different diameters (Fig. 1 8 ), so 
that even the fast compression of the plasma took 
place in a corrugated configuration. The experi­
ments utilized Z-pinch pre-ionization, and the capa­
citor bank energy was either 340 kj or 1 MJ (peak 
magnetic field of 110 kG in 10 //sec) ; the results 
were insensitive to the different capacitor energies 
used. The gas was D2 at an initial pressure of 10 
mtorr or 20 mtorr. The maximum electron densities 
reached were in the region ne =  2 • 1016 cm -3 (from  
the centre-edge distribution of the continuum radia­
tion) and the maximum of k T {  was in the region of 
3 keV (from the neutron y ie ld ).

With the normal (smooth) linear theta-pinch 
coil 6, the plasma column moved from the coil axis 
to an excentric position in direction of the collector 
slit during an 8 — 9 //sec period from the end of the 
fast compression. The maximum deviation was about
3 cm. The reason for this displacement was an asym­
metry of the magnetic field arising from the parti­
cular collector arrangement used. The plasma col­
umn executed additional oscillatory or pendulum­
like movements in the direction which correspond 
to the “wobbling” motion also observed elsewhere 18, 
and which may partly be due to a rotation of the 
entire plasma column.

The corrugated magnetic field produced by the 
shaped LIMPUS coils did not affect either the ex­
tent of the plasma displacement or its subsequent 
wobbling motion. However, the time required for 
the plasma column to reach its displaced position 
was shorter than when using the normal coil. This 
more rapid displacement allows two conflicting in­
terpretations:

1 . faster attainment of an excentric equilibrium, 
which suggests improved m  =  1 stability or,

2 . faster growth of an m. =  1 instability already 
present in the uncorrugated case. A choice between 
these two is complicated by the fact that end-effects 
became involved on this time scale.

The periodicity in the wobbling motion has been 
correlated to the appearance of flares emerging from 
the sides of the plasma column as shown in Fig. 19. 
This phenomenon occurred at 20 mtorr but not 10 
mtorr, and wras interpreted as an m  ;> 2 instability. 
The absence of m ^  2 instabilities at 10 mtorr in 
the streak photographs was confirmed independently

from the time variation of the measured line den­
sity, from the total neutron yield, and from the time 
variation of the neutron flux. None of the above 
measurements showed significant differences be­
tween discharges with corrugated and normal un­
corrugated coils. Fig. 20 shows streak photographs 
of “corrugated” discharges taken at (a) 20 mtorr 
and (b) 10  mtorr through the observation slits H ||, 
HB | and B|| (|| means viewing parallel to collector 
s lo t) . It is worth noting that the flares which occur 
at 20 mtorr are most prominent through the slit 
HBn.

In addition to the obviously different dynamic 
processes between discharges at 10 and 20 mtorr, 
there is the important difference that in the 10 mtorr 
discharges most of the neutron yield is produced 
during the first half cycle of the main discharge, 
whereas at 20 mtorr a measurable neutron flux oc­
curs only during the second half cycle. Since the 
first half cycle is the one of interest, the 10 mtorr 
plasma is thus in an entirely different regime 
(k T [ ^ 3  — 4 keV) from the 20 mtorr plasma.

Measurements of the centre-edge distribution of 
continuum radiation were made through the slits H|| 
and B i|, and the corresponding density profiles were 
determined. This yields the pressure profile on the

Fig. 21. Radial pressure profiles (normalised) of a LIMPUS 
plasma 50. The dashed lines H and B represent density profiles 
(which correspond to pressure profiles) determined from con­
tinuum measurements 8 /usee after initiation of a 10 mtorr Do 
discharge. The solid line HB is used for calculating 37 the field 

configuration shown in Fig. 5.
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assumption that temperature is position independent. 
In Fig. 21 the dashed lines H and B indicate the 
pressure profiles, at the neck and bulge respectively, 
which were found for 10 mtorr discharges 8 //sec 
after initiation of the discharge, pmax being nor­
malized to 1. The plasma neck and bulge radii, cor­
responding to pmax» together with a mathematical 
approximation to the pressure profile (solid line 
HB) were used as a basis for the calculation3' 
which yielded the magnetic field configurations of 
Fig. 5. The corrugation amplitude of the calculated 
magnetic field in the region of the coil agrees well 
with the corresponding size of the coil instep, shown 
by the dashed line in Fig. 5. The near-sinusoidal 
shape of these outer field lines, does not, however, 
agree with the stepped coil shape.

One must conclude, therefore, that the plasma 
surface rp(z) acquires a more rectangular axial 
variation than the smooth shape shown. To obtain 
some further information about the axial shape the 
plasma surface for a given stepped coil form was 
calculated for the special cases of ß  =  0, and ß  =  1 
with surface currents6'. From this one can estimate 
a reduced period length L',  for which, whilst retain­
ing the corrugation amplitude, a sinusoidally shaped 
surface is obtained with the same J (drp/dz)2 dz as 
the actual LIMPUS configuration of period length L.  
L'  is estimated to be between 20 and 40  cm; for 
Z/ =  3 0 cm  and k T [  =  3 keV, Fig. 8 shows the cal­
culated MHD growth times where (from Fig. 20) 
the value of <5 is roughly between 0.2 and 0.3.

The Alfven transit time from the open ends to the 
mid-plane of the coil is approximately 2 — 4 //sec  
(in the high pressure regions), whereas the predict­
ed MHD growth times are less than one micro­
second. The fact that at 10  mtorr no m ^ 2  instabi­
lities have yet been observed lends support to the

67 F. H e r t w e c k ,  Eurat. Symp. Theor. Plasma Phys.. Part I, 
89 [1966].

68 It is doubtful whether in a toroidal M & S experiment the 
corrugation can also be produced only after completion of 
the fast compression. The experiences accumulating dur­
ing M & S experiments with additional currents, during 
the “Spinne” experiment89 and with the screw pinch 70 
have shown that the time relation between main field and 
additional field is important in preventing the toroidal 
drift.

69 G . v. G ie r k e ,  W . L o t z ,  F. R a u , E. R e m y , and G . H .W o l f ,  
Max-Planck-Institut für Physik und Astrophysik, München, 
Report MPI-PAE/Pl. 4/65 [1965] und G . v. G ie r k e ,  F. W . 
H o f m a n n ,  W . L o t z ,  F. R a u , E. R e m y , H . W o b ig ,  and G. 
H . W o l f ,  PPCNFR CN-21/51, Culham 1965. -  Institut 
für Plasmaphysik, Report IPP 1/44 [1966].

assumption that some damping process becomes ef­
fective to suppress these m  ^  2 flutes in collision- 
less slim high ß  plasmas.

In order to eliminate end effects for a sufficiently 
long time and thus to permit study of some still 
open questions, especially concerning the MHD 
m  =  1 mode, a stability experiment was carried out 
at Cu l h a m 21' 66 using the Megajoule bank to drive 
an 8 m linear theta pinch. The peak magnetic field 
of 21  kG was readied after 5.5 //secs (crowbar de­
cay time 160 //secs), producing a collision-dominat­
ed plasma with a peak electron density of 3 X 1016 
per cm3 (filling pressure 20 mtorr Do) and a tem­
perature of about 120 eV. The plasma radius was 
~  1 cm.

Instead of a periodically corrugated LIMPUS- 
type configuration, only a single bulge (in the mid­
plane of the coil) was produced; and in contrast to 
the Garching LIMPUS experiment the inhomogene­
ity of the magnetic field was set up after the fast 
compression had been completed and mass oscilla­
tions had damped o u t68. The stability properties of 
such a single-bulged configuration, however, are not 
expected to differ substantially from a similar pe­
riodic corrugation71. In order to compare the ex­
perimental growth rates with the square profile cal­
culations leading to Eq. (4 7 a ), an average value 
( ß ) ^ 0 A  (estimated by independent m ethods66) ,  
has been used instead of the peak value of /50« 0 . 7  
on the axis of the plasma column. In addition ( ß )  
is used to evaluate ( va) by the relation

( v A) = v A0 V ß J ( ß ) .

The method for generating the unstable bulge is 
shown schematically in Fig. 22. One 25 cm long 
section of the coil is crowbarred a time interval At  
before it would have reached peak field, the time

70 C. B o b e ld i j k ,  L . H. T h . T i e t j e n s ,  P. C. T . v a n  d e r  L a a n ,  
and F. t h .  d e  B a t s ,  Plasma Phys. 9,13 [1967].

71 In analogy to Eq. (47) — square pressure profile — the 
MHD growth time of the m =  1 mode (for small 6) is

L( 2 —ß)*!*
Tw = 1~  2 7t2 vA S'2ß J l Zrß )  ( 3 - 2 ß )  (4?a)

where vA is again B l  ]/4 n  Q (o density in the unperturb­
ed plasma), but <5'=<5/l —<5 when considering one period 
of Fig. 7 as a single bulge. For large S' the axial coupling 
between the bulged region and the rest of the plasma col­
umn is reduced; then the 8 '2 scaling of Eq. (47 a) gradu­
ally changes to a 8 ' scaling similar to Eq. (47), according 
to numerical calculations 66.
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Fig. 22. Schematic diagrams showing method used 
for generating the unstable bulge 66. The oscillo­
scope photograph shows the current traces for the 
field shaping coil and for the neighbouring coil, 

being crowbarred at different times.

at which the other coil sections are crowbarred. The 
magnetic field in the coil which is crowbarred early, 
known as the field shaping coil, rises more slowly 
than the magnetic field elsewhere and so a bulge de­
velops; plasma flows from the regions on either 
side into the bulge. The amplitude of the bulge and 
thus the value of Ö for a given magnetic field ratio 
B j B o  depends on ( ß ) .  Due to the effect of the slot 
the magnetic field configuration in the region of the 
bulge is not completely symmetrical with respect to 
the axis of the coil; any asymmetry can lead to a 
lack of equilibrium of the plasma in the unstable 
region, from which a drift of the column results. To 
study the non-axisymmetric field components three- 
dimensional field plots were obtained throughout 
the volume of the field shaping coil (on a model 
bank). It was found that for the coil spacing used 
the asymetrical field curvature was approximately 
1% of  the symmetrical component of the curvature 
(in the direction of the slot), which was estimated 
as to weak to cause the plasma motion observed, 
this in particular, since the axial average of this 
curvature is essentially zero.

Fig. 23 shows a series of stereoscopic streak and 
framing camera photographs taken in the neighbour­
hood of the unstable bulge. The directions of obser­
vation (A) and (B) correspond to viewing the 
plasma 45 above and below the horizontal. Four 
pairs of photographs are shown corresponding to

different bulge strengths; from top to bottom, S in­
creases from 0 to 0.42. The framing camera photo­
graphs, which include the field shaping coil (right) 
and neighbouring coil (left) were taken through 
perforated coil sections (1 //sec exposure time) 
6 //sec after the start of the discharge. The forma­
tion of the unstable bulge can be seen by comparing 
the plasma diameter in the shaped region to that 
in the unshaped region; it should be noted that in 
particular for strong bulges (e .g . (3 =  0.42) there 
is a marked reduction in the intensity of the light 
coming from the end of the shaped region. This is 
due to an m  =  0 rarefaction wave moving outwards 
from the shaped regions along the column, as plas­
ma flows from neighbouring coil sections to fill the 
bulge. The streak camera photographs on the right 
hand side of Fig. 23 were taken in the slot between 
the shaped and unshaped coils (co independent of 
2 !). The top photograph shows the low amplitude 
lateral motion present in the discharge column with 
no field shaping. The growth of the m  =  1 instability 
for d =  0 .16 up to d =  0.42 can be seen on the streak 
photographs. The instability grows more rapidly 
with increasing <5 from top to bottom of this figure 
and the time at which the plasma strikes the wall as 
a result of the instability is seen to decrease with 
increasing bulge strength.

The data in Fig. 23 were analysed to yield values 
of the amplitude of the instability, 1 (f), as a func-
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tion of time. | ( f )  is defined as the displacement of 
the plasma axis from its average initial position be­
fore the instability started to grow. Values of £(f) 
are plotted in Fig. 24  for different bulge strengths Ö

Time ( j i t t c )

Fig. 24. The amplitude f  (i) of the observed m =  1 instability 
as a function of different bulge strengths Ö. f  is plotted on a 

log scale 66.

on a log scale, and it is seen that during the linear 
phase of the instability, when its amplitude is com­
parable with the plasma radius, the points lie on a 
straight line indicating an exponential growth. The 
slope of the line varies with the bulge strength d; 
the strongest bulges have the largest slopes, cor­
responding to the fastest growth rates. The equi­
valent £ for a discharge with no field shaping is 
also plotted; the data for Ö >  0 were not corrected 
for this motion, which set a lower limit for measur­
able growth rates. Below <5 =  0.1 the m =  l  instabi­
lity no longer hit the tube wall but was damped or 
even reflected in the neighbourhood of the wall. In 
such cases a rotating m  =  2 perturbation was ob­
served to develop, similar to that occurring at later 
times, when influences from the ends, propagating 
axially with Alfven velocity, could reach the mid 
plane.

Values of the growth rate co =  l /r  for the m =  1 
instability were obtained from the slope of the lines 
in Fig. 24, and are plotted in Fig. 25 as a function 
of the bulge strength Ö. Each experimental point in 
this figure represents one discharge, so that the 
spread between the different points gives a measure 
for the reproducibility.

Fig. 25 also shows the theoretically computed 
growth rate as a function of d [for small S accord­
ing to Eq. (47a) ] assuming two different period 
lengths L of the unstable region.

There is some uncertainty about the experimen­
tally achieved length L of the bulged regions. The 
length of the field shaping coil was 25 cm, and va­
cuum field measurements made with this coil on a 
model bank indicate that L may be somewhat grea-

- b

/  /  M H:D Theory
/  ----- Period length L - 20 cm

----- Period length L - 30cm

■ ^  ■ Experiments

Fig. 25. The growth rate a> =  1/r of the m =  l  instability as a 
function of bulge strength «5 66. The experimental points are 
taken from the slope of log £ (£) (Fig. 24). The theoretical cur­

ves are computed from ideal MHD theory for 
=  2.4 x 107 cm/sec.

ter than the coil length. On the other hand the 
streak and framing photographs indicate that the 
value of L of the bulged plasma column might be 
even somewhat smaller than this length, which is be­
lieved to be a consequence of the axial dynamics, i. e. 
the m  =  0 rarefaction wave. Thus for the plots of 
the theoretical results L =  20 cm was used as an 
estimated lower limit, and L =  30 as an estimated 
upper limit.

The experimental points in Fig. 25 are obviously 
in good agreement with the theoretical curves, al­
though the differences between the theoretical model 
(square pressure profile, axial equilibrium) and the 
experimental plasma configuration (smooth pres­
sure profile, axial reaction w ave), which made it 
necessary, for instance, to introduce the averages 
( ß ) and ( v \ ) ,  could potentially account for dis­
crepancies of perhaps up to a factor of two.

For diffuse pressure profiles, according to the 
MHD-model, the growth times for the m  >  2 modes 
are about the same as for the m  =  1 mode. Since 
during the available observation time, viz. at least 
three m  =  1  growth times before the plasma hit the 
wall, no higher modes were detected, their growth 
rates are apparently damped by a factor of at least 
three, an effect which is attributed to finite Larmor 
radius stabilisation [Eq. ( 5 2 ) ] .  The experiment



1020 G. H. WOLF

shows, however, that the growth of the m =  1 in­
stability is well described by the ideal MHD model. 
Since this instability is unlikely to be sensitive to 
the detailed pressure profile, the particle mean free 
path, or to Larmor radius effects — because the 
driving force is acting on the plasma as a whole — 
the results from the MHD model concerning the 
m  =  1 mode are expected to apply over a w ide range 
of conditions, thus establishing this mode as the 
most dangerous one for bulged theta pinch plasmas.

6. C onclusion

The M & S configuration gives equilibrium for a 
toroidal plasma without requiring a net current in 
the azimuthal direction and without using a rotatio­
nal transform. Explicit solutions have been obtained 
thus far only for the two restricted cases ß  =  0, and 
ß  <  1 in the surface current model. The existence of 
M & S configurations with a continuous radial pres­
sure profile, however, has been proved. The use of the 
M & S configuration to confine a toroidal theta pinch 
plasma leads to problems in the establishment of 
the equilibrium and in particular in its stability.

The difficulties of establishing equilibrium are 
related chiefly to the dynamic processes taking place 
during the rapid compression of the theta pinch, 
and to the proper arangement of the coils which pro­
duce the confining magnetic field. However, in ex­
periments with theta pinch plasmas having tempera­
tures near 10 eV the shape of the plasma surface 
initially agreed, qualitatively, with an M & S sur­
face. During the early stages of the discharge the 
plasma remained quiescent in the centre of the ves­
sel. The confinement time of the plasma was extend­
ed by a factor 3 — 4 beyond the toroidal drift time 
rD in an equivalent axially-symmetrical torus. Con­
clusive evidence about m — 1 MHD stabilities was 
masked by the decrease of ß  with time due to clas­
sical diffusion.

The stability of the M & S configuration was in­
vestigated for the simplified case of the corrugated 
linear theta pinch, LIMPUS. For the ß  values at­
tainable in hot theta pinch plasmas the LIMPUS 
configuration is theoretically unstable according to 
the MHD model both with respect to fanning ( m ^ 2  
flutes) and with respect to a total displacement or 
kinking (m =  1 ) . Mechanisms to suppress these in­

72 E. S. W e ib e l ,  Phys. Fluids 3. 946 [1960].
73 F. H a a s  and J. W e s s o n .  Phys. Rev. Lett. 19, 833 [1967].

stabilities for m  ;> 2 are based on finite gyro-radii 
stabilisation, and for m =  1 , restricted to the case 
of very high ß  only, the conducting wall.

In previous LIMPUS experiments, no m  ;> 2 in­
stabilities have been observed, although, for a col­
lision-dominated theta pinch plasma free from the 
influence of ends, m =  1  instabilities were detected 
whose growth times agreed with MHD theory. It is 
not expected that in hot collisionless theta pinch 
plasmas the growth of these m  =  1 instabilities will 
be significantly damped, e. g. due to increased vis­
cosity.

An extrapolation of the MHD growth times to a 
toroidal M & S configuration [Eq. (5 4 )]  is in ob­
vious agreement with M & S experimental results. 
This suggests firstly, that the experimentally pro­
duced M & S configurations were an adequate ap­
proximation to the required equilibrium and, sec­
ondly, that low-m MHD instabilities substantially 
limited the plasma confinement. However, the above 
initially quiescent position of the M & S plasma at 
the centre of the vessel presents a starting point for 
the application of additional stabilising measures 
undisturbed by the toroidal drift otherwise (in 
purely azimuthal fields) already setting in during 
the fast compression stage.

Dynamic methods were theoretically investigated 
for stabilising purposes. It was shown on the basis 
of simple models that oscillating axial (azimuthal) 
currents 72 or a steady axial (azimuthal) motion of 
the LIMPUS magnetic field configuration with re­
spect to the plasma column '3 may suppress the de­
scribed instabilities. The time scale of these proces­
ses is given, among other parameters, by the growth 
times of the instabilities of interest.

In applying stabilisation by oscillating axial cur­
rents, as planned in connection with the Scyllac 
project17, the problem arises that an anomalous 
resistivity is required for the rapidly fluctuating 
magnetic field configuration to penetrate the region 
of rarefied plasma (in the density range from 10 12 
to 1014 cm13) surrounding the high ß  plasma col­
umn to be stabilised. Experiments by V a n  DER 
L a a n , V a n  D o n se l a a r  and M e w e 74 in an alter­
nating screw pinch have shown that in these low ß  
external plasma regions a layer is formed envelop­
ing the high ß  plasma column and conducting the 
axial current, which process in the absence of ano-

74 P. C. T. v a n  d e r  L a a n .  M. F. v a n  D o n s e l a a r .  and R.
M e w e , First European Conf. CFPP, München 1966.
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malous resistivity might affect the intended dynamic 
stabilisation. However, the authors of the Scyllac 
proposal17 have proved their expectation 75 that in 
the case of high current densities two-stream instabi­
lities can (e. g. '6) occur in those layers as a me­
chanism to reduce classical conductivity.

With the stabilization by means of a LIMPUS 
magnetic field configuration moving as a travelling 
wave relative to the plasma column (phase velocity 
of the wave larger than propagation velocity of the 
perturbation) the problem arises that under realistic 
conditions an acceleration of the plasma in the di­
rection of wave propagation must be expected. In 
the Culham 8 m Theta Pinch 66, provision is there­
fore made for the LIMPUS configuration to be im­
pressed on the plasma as a standing wave 77,78. 
Since with the last method only oscillating currents 
perpendicularly to the confining magnetic field are 
involved, the problem of low density boundary re­
gions appears less critical.

The static M & S  configuration belongs to a 
group of toroidal configurations in which single 
particles are temporarily trapped on drift surfaces 
in regions of low field strength, and may thus con­
tribute to enhanced diffusion. In the planned stand­
ing-wave stabilisation experiments, the field oscilla­
tions will be of the order of the ion transit time over 
a period length. For this case the theory of trapped 
particle diffusion has not yet been treated.

75 E. M. L i t t l e ,  A. A. N e w t o n ,  W. E. Q u in n ,  and F. L . 
R ib e , PPCNFR, CN-24/K-2 Novosibirsk 1968.

76 A. S im o n , Plasma Physics, B . 163, IAEA Wien 1965.
77 G. B e r g e ,  PPCNFR CN-24/J-11, Novosibirsk 1968.
78 Recent results have indeed shown that the MHD instability 

of a bulged theta pinch plasma could be suppressed for 
the duration of the oscillating field 80.

79 B . B . K a d o m t s e v ,  Plasma Physics and the Problem of
Controlled Thermonuclear Reactions, IV, 27, Pergamon
Press, London 1960.

Instead of attempting to stabilise the MHD-un- 
stable M & S  configuration by dynamic methods, it 
might seem simpler to look for MHD-stable static 
configurations appropriate to highly compressed 
high ß  plasmas 33, °6, 58, 79. However, theory has not 
yet predicted configurations of this type which could 
be used for toroidal theta pinches in a simple way. 
Thus far all approaches which have been considered 
for the confinement of toroidal theta pinch plasmas 
in a stable static equilibrium configuration have 
appeared to involve problems comparable with 
M & S  systems. Further M & S  experiments directed 
towards methods of suppressing MHD instabilities 
can therefore contribute to an understanding in this 
field.
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